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Abstract
In recent work we computed the path integral of three-dimensional gravity with negative cos-
mological constant on spaces which are topologically a torus times an interval. Here we employ a
modular bootstrap to show that the amplitude is completely fixed by consistency conditions and a
few basic inputs from gravity. This bootstrap is notably for an ensemble of CFTs, rather than for
a single instance. We also compare the 3d gravity result with the Narain ensemble. The former is
well-approximated at low temperature by a random matrix theory ansatz, and we conjecture that
this behavior is generic for an ensemble of CFTs at large central charge with a chaotic spectrum
of heavy operators.
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1 Introduction
In [1] we obtained the path integral of three-dimensional gravity with negative cosmological constant
on spaces that are topologically a torus times an interval. These spaces are Euclidean wormholes,
which smoothly connect two asymptotic regions with torus conformal boundaries. Those tori have
independent complex structures τ1 and τ2. The result was
ZT2×I(τ1, τ¯1, τ2, τ¯2) =
1
2pi2
Z0(τ1, τ¯1)Z0(τ2, τ¯2)
∑
γ∈PSL(2;Z)
Im(τ1)Im(γτ2)
|τ1 + γτ2|2 ,
Z0(τ, τ¯) =
1√
Im(τ)|η(τ)|2 ,
(1.1)
where γτ = aτ+bcτ+d , ad− bc = 1, and η(τ) is the Dedekind eta function.
It is difficult to interpret Euclidean wormholes within the standard AdS/CFT framework [2].
Inspired by the duality [3] between Jackiw-Teitelboim gravity and a random matrix ensemble,
we [1] (see also [4–7]) have made the working hypothesis that pure 3d gravity is indeed a consistent
theory of quantum gravity, dual to an ensemble of conformal field theories (CFTs). Under that
hypothesis, the connected ensemble average of torus partition functions is equated with a sum over
Euclidean geometries which connect two asymptotic regions with torus boundary,
(1.2)
or, in an equation,
〈Z(τ1, τ¯1)Z(τ2, τ¯2)〉ensemble, conn. = ZT2×I(τ1, τ¯1, τ2, τ¯2) + · · · , (1.3)
where the dots refer to other connected geometries with more complicated topology. Pure 3d
gravity does not have a coupling constant which suppresses fluctuations of topology, and so a priori
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we do not know if the torus times interval contribution dominates. However, at low temperature
and fixed large spin s [8], pure 3d gravity has an effective Jackiw-Teitelboim description with an
effective genus expansion parameter gs ∼ e−2pi
√
c|s|/6 where c = 32G is the Brown-Henneaux central
charge. So at low temperature and fixed large spin, the torus times interval amplitude gives the
dominant contribution to (1.3). Thus, if a dual to pure 3d gravity exists, then the torus partition
function is a random variable, and the dual is an ensemble average.
There is a great deal of physics in the wormhole amplitude (1.1). See [1] for a discussion. In brief,
the amplitude describes the two-point fluctuation statistics of BTZ black hole microstates. Near
threshold, these match a universal prediction from random matrix theory with Virasoro symmetry.
It was quite tricky to compute ZT2×I , largely because pure 3d gravity on the torus times in-
terval has no saddle point to expand around. To arrive at (1.1) we employed a “constrain first”
approach, viewing the torus times interval as the annulus times a circle, which admits a Lorentzian
continuation to the annulus times time. Pure 3d gravity on the annulus has a phase space of con-
figurations that solve the Gauss’ Law constraints, and (up to one subtlety) we performed a path
integral quantization of that phase space. The subtlety is that one of the directions of the phase
space is a relative time translation between the two boundaries. In Lorentzian signature this time
twist has an infinite field range, but in Euclidean signature we redefined it so that it corresponds
to a relative Euclidean time translation. The redefined twist has a compact field range.
However, the “constrain first” approach is not guaranteed to work (although, as we will see, it
does work in our case). That is, quantization does not always commute with constraining. For
example, one can [9] “constrain first” to obtain the partition function of Chern-Simons theory
on the annulus times a circle, a Wess-Zumino-Witten partition function, which is determined by
symmetry and modular invariance. But while the “constrain first” approach can give the correct
result for the spectrum of a Chern-Simons theory, it can fail to give the correct inner product [10].
In the language of path integrals, the basic problem is that when quantizing gauge theory one fixes
a gauge and includes the appropriate Faddeev-Popov ghosts. Integrating out the time component
of the gauge field enforces the Gauss’ Law constraint, which may differ from the classical one by a
ghost bilinear. So the residual path integral obtained by quantizing, then constraining, may differ
from the one obtained by constraining, then quantizing. Only the former is guaranteed to give the
correct answer.
In this paper, we provide a streamlined derivation of (1.1) using consistency conditions rather
than detailed knowledge of the gravitational path integral. We show that (1.1) is completely fixed
by Virasoro symmetry and modular invariance after using some basic inputs from 3d gravity. These
considerations fix ZT2×I up to an overall normalization, which in turn is determined by the Jackiw-
Teitelboim limit of 3d gravity [8]. Equivalently, the normalization is fixed by demanding that the
two-point spectral correlations are well-described near the spectral edge by random matrix theory.
Another way of saying this is that, after using some facts from gravity, the leading contribution
to 〈Z(τ1, τ¯1)Z(τ2, τ¯2)〉ensemble, conn. is uniquely fixed by a modular bootstrap. Notably, this is a
modular bootstrap for an ensemble of CFTs, not a single instance of a CFT. Indeed there has
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been some hope that – after importing lessons from gravity in AdS space like large central charge,
a large twist gap, etc. – the bootstrap program can identify candidate CFTs dual to theories of
quantum gravity in AdS. In this instance we have effectively identified a set of facts to import which
uniquely pin down an amplitude. These constraints are fairly natural in gravity – they reflect the
non-factorization of 3d gravity between the two boundaries – but they are not the standard inputs
used in the bootstrap community to study holographic CFTs, such as large central charge, large
twist gap, etc.
We view this approach as complementary to our previous one [1]. Our results here imply that
a direct quantization of pure 3d gravity gives the same result as the “constrain first” approach.
We infer that, after imposing the constraints in the direct quantization, the ghost path integral is
simply “1”, and one recovers the quantization of the classical phase space. It is also our hope that
a more algebraic approach along the lines of the present paper will allow us to compute the gravity
path integral on more complicated 3-manifolds.
The authors of [4, 5] have recently considered an ensemble of D free bosons on a Narain lattice
where one averages over the moduli, which is closely related to an RD×RD Chern-Simons theory in
three dimensions. It is instructive to compare and contrast the result for 〈Z(τ1, τ¯1), Z(τ2, τ¯2)〉ensemble, conn.
in gravity and for the Narain ensemble. We do so for general D. We can think of the gravita-
tional and Narain answers as giving two different solutions to a random CFT “modular bootstrap”
problem, corresponding to very different spectral statistics. The wormhole amplitude in gravity
encodes the physics of eigenvalue repulsion in the spectrum of BTZ microstates. There is an anal-
ogous “wormhole amplitude” in the fluctuation statistics of the Narain average, corresponding to
Chern-Simons theory on the torus times interval. But this contribution instead encodes ultralo-
cal attractive interactions between microstates, reflecting the underlying discreteness of the CFT
spectrum. In a sentence, the 3d gravity results are consistent with a dual ensemble of CFTs with
a chaotic spectrum of heavy states, while the Narain ensemble comprises non-chaotic CFTs.
At the end of the paper, we explain how our approach aligns with a broader perspective on
bootstrapping random CFT. We sketch how such a bootstrap may be developed, and novel features
it may have.
2 Modular bootstrap
The torus times interval amplitude in (1.1) may be written as
ZT2×I(τ1, τ¯1, τ2, τ¯2) =
∑
γ∈PSL(2;Z)
Z˜(τ1, τ¯1, γτ2, γτ¯2) , (2.1)
where the “preamplitude” Z˜ is
Z˜(τ1, τ¯1, τ2, τ¯2) =
1
2pi2
Z0(τ1, τ¯1)Z0(τ2, τ¯2)
Im(τ1)Im(τ2)
|τ1 + τ2|2 . (2.2)
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Figure 1: The Euclidean wormhole T2× I. For this configuration, the spatial and temporal circles
on boundary 1 continuously interpolate to the spatial and temporal circles on boundary 2. Other
configurations have a relative Dehn twist between the boundary tori.
The preamplitude has the interpretation of the gravitational path integral over the torus times
interval, with no Dehn twist between the two torus boundaries. See Fig. 1. As such it is invariant
under simultaneous modular transformations,
Z˜(γτ1, γτ¯1, γ
−1τ2, γ−1τ¯2) = Z˜(τ1, τ¯1, τ2, τ¯2) . (2.3)
The full path integral is then a sum over configurations where one asymptotic region is twisted
relative to the other. These Dehn twists are parameterized by elements of PSL(2;Z), and lead to
the modular sum in (2.1).
In this Section we show that the preamplitude Z˜ is completely fixed by consistency conditions
after importing some basic facts from 3d gravity on the torus times interval. These facts are as
follows:
1. There are two twist zero modes, corresponding to spacetime translations along one boundary
relative to another. The zero mode volume is [1], after a choice of normalization,
V0 =
√
Im(τ1)Im(τ2) . (2.4)
2. Each component of the boundary hosts two copies of a Virasoro symmetry. As a result, each
boundary component is weighted by the character of a non-degenerate representation of the
Virasoro group with some scaling weights h, h¯.
3. The two boundaries perceive the same energy and angular momentum, i.e. the scaling weights
(h1, h¯1) on boundary 1 equal those on boundary 2, h1 = h2 = h and h¯1 = h¯2 = h¯.
4. The scaling weights h and h¯ obey h, h¯ ≥ c−124 with c the exact central charge. This bound
is the na¨ıve threshold for BTZ black hole production in pure 3d gravity coming from the
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Maloney-Witten density of states [11, 12].1 The scaling weights may be parameterized in
terms of “momenta” k and k¯ as
h− c− 1
24
=
k2
4
, h¯− c− 1
24
=
k¯2
4
. (2.5)
The most general Z˜ consistent with these facts depends on a single function ρ(k, k¯) where without
loss of generality we take k, k¯ ≥ 0. Specifically, Z˜ may be decomposed as
Z˜(τ1, τ¯1, τ2, τ¯2) = V0
∫ ∞
0
dkdk¯ χk(τ1)χk(τ2)χk¯(τ¯1)χk¯(τ¯2) ρ(k, k¯) . (2.6)
Here χk(τ) is a non-degenerate holomorphic Virasoro character,
χk(τ) =
q
k2
4
η(τ)
, (2.7)
and χk¯(τ¯) a non-degenerate anti-holomorphic Virasoro character.
It remains to impose modular invariance (2.3). The ansatz (2.6) is already invariant under a
T -transformation, which acts as τ1 → τ1 + 1 and τ2 → τ2 − 1. So we need to impose invariance
under an S-transformation, which after using Im
(− 1τ ) = Im(τ)|τ |2 implies
∫ ∞
0
dkdk¯
χk
(
− 1τ1
)
√−iτ1
χk
(
− 1τ2
)
√−iτ2
χk¯
(
− 1τ¯1
)
√
iτ¯1
χk¯
(
− 1τ¯2
)
√
iτ¯2
ρ(k, k¯)
=
∫ ∞
0
dkdk¯ χk(τ1)χk(τ2)χk¯(τ¯1)χk¯(τ¯2) ρ(k, k¯) .
(2.8)
We will utilize a crossing kernel Skk′ that allows us to express
χk(−1/τ)√
iτ
in terms of ordinary char-
acters χk′(τ),
χk
(− 1τ )√−iτ =
∫ ∞
0
dk′ Skk′χk′(τ) , Skk′ = pik′J0(pikk′) , (2.9)
which we derive at the end of this Section. Using (2.9), we see that∫ ∞
0
dkdk¯dk′dk′′dk¯′dk¯′′ χk′(τ1)χk′′(τ2)χk¯′(τ¯1)χk¯′′(τ¯2)Skk′Skk′′Sk¯k¯′Sk¯k¯′′ρ(k, k¯)
=
∫ ∞
0
dkdk¯ χk(τ1)χk(τ2)χk¯(τ¯1)χk¯(τ¯2) ρ(k, k¯) .
(2.10)
1Another way of arriving at this bound is the following. Each boundary is equipped with two chiral edge modes [1,
13] which are analogues of the Schwarzian mode [14–16] in Jackiw-Teitelboim gravity. These edge modes produce
a one-loop exact renormalization of the central charge, c = 3
2G
+ 1, and the path integral over them produces the
character of a non-degenerate representation of the Virasoro group with scaling weights h, h¯. Non-singularity of the
bulk geometry implies h, h¯ ≥ C
24
with C = 3
2G
the bare central charge. Conversely, the bulk geometry develops a
conical singularity if h or h¯ is less than C
24
.
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The non-degenerate Virasoro characters χk(τ) provide a basis for functions of τ (that are at most
as singular as 1η(τ) as τ → i∞, as the above integrals are), and so it follows that
δ(k′ − k′′)
k′
δ(k¯′ − k¯′′)
k¯′
ρ(k′, k¯′)
k′k¯′
= pi4
∫ ∞
0
dkdk¯ kk¯J0(pikk
′)J0(pikk′′)J0(pik¯k¯′)J0(pik¯k¯′′)
ρ(k, k¯)
kk¯
.
(2.11)
Now multiply both sides by k′′J0(pik′′q′) and k¯′′J0(pik¯′′q¯′), where we take q′, q¯′ to be any non-
negative values. Integrating over k′′ ≥ 0 and k¯′′ ≥ 0 and employing the standard orthonormality
relation for Bessel functions (here k′, k′′ > 0)∫ ∞
0
dk kJ0(kk
′)J0(kk′′) =
δ(k′ − k′′)
k′
, (2.12)
we obtain
ρ(k′, k¯′)
k′k¯′
=
ρ(q′, q¯′)
q′q¯′
, ∀ k′, k¯′, q′, q¯′ ≥ 0 . (2.13)
This only holds if each side is a constant, which determines ρ(k, k¯) up to a normalization C,
ρ(k, k¯) = 8Ckk¯ . (2.14)
So modular invariance fixes the preamplitude (2.6) to be (after performing the integrals over k
and k¯)
Z˜(τ1, τ¯1, τ2, τ¯2) =
C
2pi2
Z0(τ1, τ¯1)Z0(τ2, τ¯2)
Im(τ1)Im(τ2)
|τ1 + τ2|2 , (2.15)
which is simply the gravitational result (2.2) times a proportionality constant C. Now we demand
consistency with the Jackiw-Teitelboim limit of [8] at low temperature and fixed spin. But, since
the gravitational result was already consistent with that limit, we see that
C = 1 , (2.16)
and we land on precisely the result (1.1) we computed in [1].
We conclude this Section by deriving the crossing equation (2.9). First, we may simplify the
claimed identity by using the modular property of the Dedekind eta function η(−1/τ) = √−iτ η(τ)
to give
e−
piik2
2τ
−iτ =
∫ ∞
0
dk′Skk′e
piik2τ
2 . (2.17)
Rather than directly proving this identity, it is easier to prove its Fourier transform with respect
to the real part of τ . This proves the desired identity after taking an inverse Fourier transform.
Writing τ = x+ iy, multiply both sides by e
piq2y
2 and Fourier transform with respect to x. On the
right-hand-side we obtain (taking q > 0)∫ ∞
−∞
dx e−
piiq2τ
2
∫ ∞
0
dk′Skk′e
piik′2τ
2 = 4
∫ ∞
0
dk′ δ(q2 − k′2)pik′J0(pikk′) = 2piJ0(pikq) . (2.18)
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On the left-hand-side we find∫ ∞
−∞
dx e−
piiq2τ
2
e−
piik2
2τ
−iτ =
∫ ∞
−∞
dx e−
piiq2τ
2
∞∑
n=0
(
−pik22
)n
n!
1
(y − ix)n+1
= 2pi
∞∑
n=0
(
− (pikq)24
)n
n!2
= 2piJ0(pikq) ,
(2.19)
where in going from the first line to the second we have exchanged summation with integration,
and performed the integral over x by the residue theorem. So the Fourier transform of (2.9) holds
true, which establishes the desired crossing equation.
3 Universality in random CFT?
The gravitational inputs described near Eq. (2.4) were essential to arrive at the answer in (2.2).
As a thought exercise, suppose that we replace the zero mode volume Eq. (2.4) with V0 = 1. We
will see the significance of this choice shortly. Let us denote the density of states and preamplitude
by ρ′ and Z˜ ′. Then invariance under simultaneous modular transformations τ1 → γτ1, τ2 → γ−1τ2
again fixes the result for the preamplitude, which in this case reads
Z˜ ′(τ1, τ¯1, τ2, τ¯2) = C′ Z0(τ1, τ¯1)Z0(τ2, τ¯2)
√
Im(τ1)Im(τ2)
|τ1 + τ2|2 =
1
|η(τ1)|2|η(τ2)|2
C′
|τ1 + τ2| , (3.1)
corresponding to a constant density of states ρ′(k, k¯) = 2C′ for some proportionality constant C′.
The modular sum
∑
γ∈PSL(2;Z) Z˜
′(τ1, τ¯1, γτ2, γτ¯2) does not converge, but it can be easily regularized
in a modular-invariant way.
Notice that, after stripping off the modular invariant product of Z0’s, the preamplitude (3.1) is
proportional to the square root of the gravitational result (2.2). In fact, since the ratio Im(τ1)Im(τ2)|τ1+τ2|2
is invariant under simultaneous modular transformations, we can easily write down a candidate
preamplitude in terms of an arbitrary function G as
Z˜candidate(τ1, τ¯1, τ2, τ¯2) = Z0(τ1, τ¯1)Z0(τ2, τ¯2)G
(
Im(τ1)Im(τ2)
|τ1 + τ2|2
)
, (3.2)
where the gravitational result is G(x) = x
2pi2
and the thought exercise above corresponds to G(x) =
C′√x.
Of course we did not invent this thought exercise out of the ether. It is the result one obtains for
the amplitude of a cousin of 3d gravity on the “wormhole” geometry T2×I. This cousin is SO(2, 2)
Chern-Simons theory with appropriate boundary conditions, which is classically equivalent to 3d
gravity on the disk times time, but which differs on more complex topologies like T2× I (see [1] for
more details). These boundary conditions are the usual ones in AdS3 gravity, translated to Chern-
Simons variables. On the torus times interval, equivalently the annulus times a circle, the SO(2, 2)
Chern-Simons theory with these boundary conditions becomes two copies of Liouville theory.
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One can see this from (3.1) in the following way. The orientation on the two boundaries is the one
obtained using an outward pointing normal vector field. Flipping the orientation on boundary 2,
we would have arrived at the amplitude (3.1) with the substitution τ2 → −τ¯2. With this choice, the
left-movers for one of the Liouville copies live on boundary 1 and the right-movers on boundary 2,
and the situation is flipped for the other Liouville copy. The constant C′ should then be interpreted
as the (infinite) field range of the Liouville zero modes. One can imagine redefining the problem to
remove these zero modes by hand, leading to a finite answer. Ignoring this field range, the constant
density of states can then be understood as the usual statement that Liouville theory has a constant
density of scalar primaries.
So we see that a phenomenologically informed modular bootstrap is able to obtain wormhole
amplitudes in two examples: 3d gravity, and its cousin SO(2, 2) Chern-Simons theory.
In fact Eq. (3.1) is the same result we obtain for the torus times interval amplitude of yet another
model, R × R Chern-Simons theory with an action ∼ 12pi
∫
a ∧ db, after a similar deletion of zero
modes. This Chern-Simons theory belongs to a family of models, namely RD × RD Chern-Simons
theory with action 12pi
∫ ∑
i ai ∧ dbi, which is in a sense a dual to an ensemble of 2d CFTs given by
D bosons on a Narain lattice [4, 5]. (More precisely, the average partition function on a surface Σ
for a suitable distribution of lattice moduli is equal to a sum over Chern-Simons path integrals on
handlebodies.) For general D the wormhole amplitude is simply the result (3.1) raised to the Dth
power (after a suitable deletion of zero modes), giving
Z˜ ′(τ1, τ¯1, τ2, τ¯2) = Z0(τ1, τ¯1)DZ0(τ2, τ¯2)D
(
Im(τ1)Im(τ2)
|τ1 + τ2|2
)D
2
. (3.3)
Up to normalization, it is the unique answer for a preamplitude consistent with a U(1)DL × U(1)DR
Kac-Moody symmetry and simultaneous modular invariance of the form
Z˜ ′(τ1, τ¯1, τ2, τ¯2) =
∫ ∞
0
dkdk¯
(
χk(τ1)χk(τ2)χk¯(τ¯1)χk¯(τ¯2)
)D
ρ(k, k¯) , (3.4)
with ρ(k, k¯) = 2D.
These wormhole contributions encode rather different physics in 3d gravity and in the Narain
ensemble, both of which may be discussed in terms of the spectral form factor [17–19]. In 3d
gravity [1] we showed that the amplitude (2.2) informs us that BTZ black hole microstates near
threshold repel each other, leading to a ramp in the spectral form factor of the putative dual. By
contrast, in the Narain ensemble the wormhole amplitude encodes the fundamental discreteness of
the CFT spectrum by contributing to a plateau in the spectral form factor [5].
In the remainder of this Section we study the wormhole contributions to the Narain ensemble
in some detail. We then compare and contrast the 3d gravity result with those for the Narain
ensemble. The former is what we would expect for an ensemble of CFTs with a chaotic spectrum
of heavy states, while the latter is an ensemble of non-chaotic CFTs.
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3.1 The Narain ensemble
Consider the Narain average recently studied in [4, 5]. Expressions for the average torus partition
function appear in [4, 5], and its two-point function is in [5]. The average partition function may
be expressed as a modular sum,
〈Z(τ, τ¯)〉Narain = Z0(τ, τ¯)D
∑
γ∈PSL(2;Z)/Γ∞
Im(γτ)
D
2 . (3.5)
Here γ =
(
a b
c d
)
and Γ∞ is the subgroup of PSL(2;Z) which fixes i∞. The elements of Γ∞ are
of the form
(
a b
0 d
)
.
We may also consider the average of the partition function ZΣ(Ω) of the free CFT on a genus-2
surface Σ with 2 × 2 period matrix Ω. The average may be expressed as a sum over the Sp(4;Z)
modular group of a genus-2 surface,
〈ZΣ(Ω,Ω)〉Narain = Z0,Σ(Ω,Ω)D
∑
γ∈Sp(4;Z)/P
det(Im(γΩ))
D
2 , Z0,Σ(Ω,Ω) =
1√
det(Im(Ω))|det′(∂¯Σ)|
.
(3.6)
Here Z0,Σ(Ω,Ω) is the partition function of a “non-compact boson” on Σ, with det
′(∂¯Σ) the deter-
minant of ∂¯ on Σ omitting zero modes. Elements of Sp(4;Z) may be parameterized in terms of
2× 2 blocks as
(
A B
C D
)
with
ABT = BAT , CDT = DCT , ADT −BCT = I2 . (3.7)
P is the Siegel parabolic subgroup of Sp(4;Z), the analogue of Γ∞ for genus-2 surfaces, and it is
parameterized by elements of the form
(
A B
0 D
)
. The action of Sp(4;Z) on the period matrix Ω is
given by γΩ = (AΩ +B)(CΩ +D)−1.
Convergence of the modular sum over PSL(2;Z) requires D > 2, and convergence of the sum
over Sp(4;Z) requires D > 3. Both the average torus and genus-2 partition functions are manifestly
modular invariant.
The full two-point function of the torus partition function is in fact equal to the average of
the genus-2 partition function in the special case where the initial period matrix is diagonal, Ω =(
τ1 0
0 τ2
)
, corresponding to a genus-2 surface obtained by gluing together two tori of complex
structures τ1 and τ2 at a point. The two-point function may be written as
〈Z(τ1, τ¯1)Z(τ2, τ¯2)〉Narain = Z0(τ1, τ¯1)DZ0(τ2, τ¯2)D
∑
γ∈Sp(4;Z)/P
det (Im(γΩ))
D
2 . (3.8)
Because it is a limiting value of the average genus-2 partition function, it is invariant under the
full Sp(4;Z) modular group, which includes as a subgroup invariance under independent modular
transformations of τ1 and τ2 .
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3.1.1 Primary counting partition functions
All CFT states contribute to the one-point and two-point functions in (3.5) and (3.19). It is
worthwhile to consider the correlation functions of the partition function ZP (τ, τ¯) which counts the
contributions from primary states alone. For the Narain CFTs it is related to the torus partition
function as
Z(τ, τ¯) =
( ∞∏
n=1
1
|1− qn|2
)D
ZP (τ, τ¯) = Z0(τ, τ¯)
D
(√
Im(τ)|q| 112
)D
ZP (τ, τ¯) . (3.9)
Its one-point function is
〈ZP (τ, τ¯)〉Narain =
(
|q|− 112√
Im(τ)
)D ∑
γ∈PSL(2;Z)/Γ∞
Im(γτ)
D
2 = |q|−D12
∑
c,d, (c,d)=1
1
|cτ + d|D . (3.10)
Fourier transforming to fixed spin s one has for s 6= 0
〈
tr
(
e−βHs
)〉
Narain
= e
piD
6
β
(∑
c>0
cc(s)
cD
)
2pi
D
2
Γ
(
D
2
) ( |s|
β
)D−1
2
K 1−D
2
(2pi|s|β) , (3.11)
where Hs is the CFT Hamiltonian at spin s and cq(s) =
∑
0≤d≤c−1,(c,d)=1 e
−2pii d
q
s
is Ramanujan’s
sum. The sum over c converges for D > 1. For s = 0 one has〈
tr
(
e−βH0
)〉
Narain
= e
piD
6
β
(
1 +
(∑
c>0
φ(c)
cD
) √
pi Γ
(
D−1
2
)
Γ
(
D
2
) β1−D) , (3.12)
where φ(c) is the Euler totient function. The sum converges for D > 2.
The two-point function is
〈ZP (τ1, τ¯2)ZP (τ2, τ¯2)〉Narain =
(
|q1q2|− 112√
Im(τ1)Im(τ2)
)D ∑
γ∈Sp(4;Z)/P
det(Im(γΩ))
D
2 . (3.13)
The Sp(4;Z) sum simplifies at low temperature as we will see momentarily.
3.1.2 Low-temperature limit
Now consider the low-temperature limit. Parameterizing τ1 = x1 + iβ1, τ2 = x2 + iβ2, this limit
corresponds to taking β1, β2 → ∞ while holding x1, x2 and the ratio β1β2 fixed. For the one-point
function, using
Im(γτ) =
Im(τ)
|cτ + d|2 , (3.14)
the terms in the modular sum behave rather differently. The identity transformation γ = I2
contributes Im(γτ)
D
2 = β
D
2 , while all other terms with c 6= 0 are parametrically suppressed as
Im(γτ) = O(β−
D
2 ).
11
Similarly, for the two-point function, using
det(Im(γΩ)) =
det(Im(Ω))
|det(CΩ +D)|2 , (3.15)
we see that the low-temperature limit of this determinant falls into one of three classes: (i) For
the identity transformation, det(Im(γΩ))
D
2 = (β1β2)
D
2 is of O(βD). (ii) For elements of Sp(4;Z)/P
with C 6= 0 but det(C) = 0, one finds2
det(Im(γΩ))
D
2 =
(
Im(τ1)Im(τ2)
|pτ1 + qτ2 + det(D)|2
)D
2
, (3.16)
with p = C11D22−C21D12, and q = C22D11−C12D21, i.e. the summand is of O(β0). (iii) Elements
of Sp(4;Z)/P with det(C) 6= 0 lead to contributions which are suppressed at low temperature as
det(Im(γΩ))
D
2 = O(β−D).
What about the wormhole contributions we identified at the beginning of this Section in (3.3)?
Their contribution to the connected two-point function of Z is
〈Z(τ1, τ¯1)Z(τ2, τ¯2)〉Narain,conn. ⊃ Z0(τ1, τ¯1)Z0(τ2, τ¯2)
∑
γ∈PSL(2;Z)
(
Im(τ1)Im(γτ2)
|τ1 + γτ2|2
)D
2
. (3.17)
In a putative 3d dual, these terms arise from RD × RD Chern-Simons theory on the torus times
interval, after a deletion of zero modes and where the sum is over Dehn twists of one torus boundary
relative to the other. The dominant wormhole contributions at low temperature are those with
γτ2 = τ2 + n and n ∈ Z. These correspond to the p = q = 1 terms in the full Sp(4;Z) sum.
The connected two-point function of ZP , namely
〈ZP (τ1, τ¯1)ZP (τ2, τ¯2)〉Narain, conn. =
(
|q1q2|− 112√
Im(τ1)Im(τ2)
)D
(3.18)
×
 ∑
γ∈Sp(4;Z)/P
det(Im(γΩ))
D
2 −
∑
γ1,γ2∈PSL(2;Z)/Γ∞
(Im(γ1τ1)Im(γ2τ2))
D
2
 ,
therefore simplifies at low temperature. The identity term in the Sp(4;Z) sum cancels against
the γ1 = γ2 = I2 contribution in the double sum over PSL(2;Z); the terms in the Sp(4;Z) sum
with C 6= 0 but det(C) = 0 in (3.16) with q = 0 cancel against the terms in the double sum over
PSL(2;Z) with γ1 6= I2 but γ2 = I2; the terms with C 6= 0, det(C) = 0, and p = 0 cancel against
the terms with γ1 = I2 but γ2 6= I2. The low-temperature limit is therefore dominated by terms
with C 6= 0,det(C) = 0, with both p, q 6= 0. Let us denote the set of such elements as S. Then the
2Here and through the end of this Subsection, we abuse terminology slightly by letting D refer to the 2× 2 block
inside of an Sp(4;Z) element γ, and to the number of bosons. We hope that what we mean is clear by the context.
12
leading low-temperature limit is given by
〈ZP (τ1, τ¯1)ZP (τ2, τ¯2)〉Narain, conn. =
(
|q1q2|− 112√
Im(τ1)Im(τ2)
)D∑
γ∈S
det(Im(γΩ))
D
2 +O(β−D/2)

= |q1q2|−D12
∑
γ∈S
|pτ1 + qτ2 + det(D)|−D2 +O(β−D)
 . (3.19)
Suppose we consider the Fourier transform to fixed identical spins, s1 = s2 = s 6= 0. To leading
order in the low-temperature expansion only terms with p = q contribute. These terms include
the p = q = 1 wormhole contributions, and up to additive shifts in the τ ’s, they all have the same
functional form.3 As a result, for a constant Cs arising from the modular sum we find〈
tr
(
e−β1Hs
)
tr
(
e−β2Hs
)〉
Narain, conn.
= Cs epiD6 (β1+β2)
(
2pi
D
2
Γ
(
D
2
) ( |s|
β1 + β2
)D−1
2
K 1−D
2
(2pi|s|(β1 + β2)) + · · ·
)
= Cs e−Es(β1+β2)
√
2pi|s|piD2
Γ
(
D
2
) ( |s|
β1 + β2
)D−2
2 (
1 +O(β−1)
)
,
(3.20)
where the Narain threshold energy is Es = 2pi
(|s| − D12). The dots in the first line refer to the
leading low-temperature corrections, which are parametrically suppressed relative to the indicated
term by a factor of β−
D
2 . Inverse Laplace transforming we find that the pair correlations are, near
threshold E & Es ,
〈ρPs (E1)ρPs (E2)〉Narain, conn. ≈ Cs
(2pi2|s|)D−12
2
√
pi Γ
(
D
2
)
Γ
(
D−2
2
) (E1 − E2)D2 −2 δ(E1 − E2) , (3.21)
where ρPs (E) is the density of primary states of spin s. Away from threshold, but ignoring the
subleading terms in the first line of (3.20), the correlations are still delta-localized. The pair
correlations are approximately ultralocal and attractive.
The low-temperature results in (3.20) and (3.21) can be understood in terms of a plateau in the
spectral form factor. Setting
β1 = β + iT , β2 = β − iT , (3.22)
so that the traces have the interpretation of an evolution operator at inverse temperature β by a
Lorentzian time T , we have〈
tr
(
e−(β+iT )Hs
)
tr
(
e−(β−iT )Hs
)〉
Narain, conn.
= Cs epiD3 β
(
2pi
D
2
Γ
(
D
2
) ( |s|
2β
)D−1
2
K 1−D
2
(4pi|s|β) +O(β−De−4pi|s|β)
)
,
(3.23)
3Note that the wormhole contributions at p = q = 1 dominate in the large D limit.
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which becomes a constant independent of time T at late times. With some effort one can show
that the corrections decay to zero in the T → ∞ limit. This constant asymptote is the plateau
in the spectral form factor of primaries at fixed spin. Comparing against the average value of
tr
(
e−βHs
)
in (3.11), we see that the two-point function asymptotes to the same functional form as
the one-point function at an inverse temperature 2β, up to the proportionality constant. Indeed,
one expects on general grounds for any ensemble of systems with a discrete spectrum that the
two-point function approaches a constant at late times, the plateau, with
lim
T→∞
〈Z(β + iT )Z(β − iT )〉ensemble, conn. = 〈Z(2β)〉ensemble , (3.24)
from which we would predict Cs =
∑
c>0
cc(s)
cD
.
Let us compare these results with 3d gravity. For gravity, inside the connected two-point function
so that the vacuum contribution drops out, ZP is related to the ordinary partition function by
Z(τ, τ¯) =
( ∞∏
n=1
1
|1− qn|2
)
ZP (τ, τ¯) = Z0(τ, τ¯)
√
Im(τ)|q| 112ZP (τ, τ¯) . (3.25)
From the torus times interval amplitude we then have
〈ZP (τ1, τ¯1)ZP (τ2, τ¯2)〉ensemble, conn. = 1
2pi2
√
Im(τ1)Im(τ2)
|q1q2|− 112
∑
γ∈PSL(2;Z)
Im(τ1)Im(γτ2)
|τ1 + γτ2|2 + · · · ,
(3.26)
where the dots come from other connected topologies. At low temperature the modular sum is
dominated by translations γτ2 = τ2 +n for n ∈ Z. Fourier transforming to fixed spin we then found
〈
tr
(
e−β1Hs1
)
tr
(
e−β2Hs2
)〉
ensemble, conn.
= e−Es1β1−Es2β2
(
1
2pi
√
β1β2
β1 + β2
δs1s2 +O(β
−1)
)
+ · · · ,
(3.27)
where Es = 2pi
(|s| − 112) is the threshold energy to produce a BTZ black hole of spin s. The
indicated term dominates the torus times interval amplitude at low temperature. As we discussed
in [1] this is precisely the result predicted by a random matrix theory ansatz.
Inverse Legendre transforming to fixed energy, one finds that for energies near threshold, i.e. near
Es , the pair correlation of energy eigenvalues at fixed spin is that of double-scaled random matrix
theory for large Hermitian matrices,
〈ρPs1(E1)ρPs2(E2)〉ensemble, conn. ≈ −
1
(2pi)2
E1 − Es1 + E2 − Es2√
E1 − Es1
√
E2 − Es2(E1 − E2)2
δs1s2 , (3.28)
where Ei > Esi . In other words, energy eigenstates at fixed spin repel.
3.2 Comparison and comments
As we have shown, a well-informed modular bootstrap can pinpoint the torus times interval ampli-
tude of 3d gravity, as well of the Chern-Simons-like dual to the Narain ensemble. The fluctuation
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statistics encoded in these wormhole amplitudes are rather different. The 3d gravity amplitude
describes the physics of energy eigenvalue repulsion in the spectrum of BTZ microstates, while the
“Narain wormholes” contribute to a part of the plateau in the spectral form factor of the Narain
ensemble at fixed spin. In fact in the large D limit, the closest thing to a semiclassical approxi-
mation for the Narain ensemble, these wormholes fully account for the plateau to leading order in
1/D.
Let us compare these examples a bit further, in the hope of gleaning some general lessons about
CFT ensembles.
In the Narain ensemble we found that a plateau from wormhole-like contributions to the spectral
form factor. One might wonder if there is also a ramp, i.e. if there is an analogue of eigenvalue
repulsion visible at earlier Lorentzian time. Besides processing the full Sp(4;Z) sum in (3.13), we
can get further information by studying Narain CFTs at fixed values of the moduli. In particular,
after simultaneously diagonalizing the Hamiltonian, momentum, and other local symmetry charges,
we can look at the nearest-neighbor statistics of energy eigenstates within a symmetry block.
However in a Narain CFT, after accounting for the Kac-Moody symmetry, there is only a single
energy eigenvalue per block.
To see this recall the expression for the right- and left-moving energy eigenvalues. These are
labeled by momentum and winding vectors ni and w
i with i = 1, 2, ..., D. The eigenvalues also
depend on the target space metric Gij and NS B-field Bij . They are given by (in α
′ = 1 units)
L0 =
1
4
Gij(vi + wi)(vj + wj) , L0 =
1
4
Gij(vi − wi)(vi − wi) , vi = ni +Bijwj , (3.29)
where wi = Gijw
j . In particular, the spin is given by s = niw
i. On account of the Kac-Moody
symmetry, the expressions for L0 and L0 are redundant. They are determined by the eigenspectrum
of D right-moving charges Qa and D left-moving charges Qa, with
L0 =
QaQa
4
, L0 =
QaQa
4
. (3.30)
To write the spectra of the Kac-Moody charges it is convenient to decompose the target space
metric Gij into a coframe as Gij = δabe
a
i e
b
j . Then
Qa = e
i
a(vi + wi) , Qa = e
i
a(vi − wi) . (3.31)
Inverting these, it follows that there is at most a single state at fixed values of the charges Qa and
Qb.
So, while irrational Narain CFTs (which compose most of the ensemble) have an erratic, infinite
spectrum of primary states, they are ultimately non-chaotic in the sense above. After all, there is
no eigenvalue repulsion when a symmetry block has a single eigenvalue.
By contrast, 3d gravity only has ordinary Virasoro symmetry, and so symmetry blocks are
subspaces of fixed spin. There is an enormous O(ec) density of primary states at fixed spin, with
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c the central charge, and our results in [1] indicate that there is eigenvalue repulsion within each
symmetry block. These features are characteristic of a chaotic spectrum.
More broadly, we expect that irrational c 1 CFTs without extended chiral algebras (assuming
such CFTs exist) have chaotic spectra, including level repulsion within each symmetry block. A
typical such c  1 CFT with sparse spectrum should have a very dense set of CFT microstates
in the Cardy regime h, h¯ ≥ c−124 . These statements would also hold in a statistical sense for an
ensemble average over irrational c 1 CFTs, and in the Cardy regime we expect that the leading
eigenvalue fluctuation statistics are well-approximated by our gravity wormhole result. This leads us
to conjecture that the 3d gravity wormhole amplitude near threshold is the random CFT analogue
of the universality of the double resolvent in double-scaled random matrix theory [24].
4 Towards bootstrapping CFT ensembles
In Sections 2 and 3 we used a type of modular bootstrap to determine the torus times interval
amplitude for AdS3 gravity and for the “gravity dual” to the average over Narain CFTs. To land
on these amplitudes we had to use a number of inputs from three dimensions. In our gravity
analysis perhaps the most important of these were the zero mode volume V0 and the constraint
that scaling weights for operators on the two boundaries were linked. This modular bootstrap
differs, both technically and conceptually, from existing approaches to the conformal bootstrap as
we now explain.
In the usual bootstrap one can constrain the torus partition function of a single CFT. If one
wanted to, one could instead constrain
Z(τ1, τ¯1)Z(τ2, τ¯2) , (4.1)
the product of torus partition functions with different modular parameters τ1 and τ2. However this
would be tantamount to constraining each copy individually since (4.1) tautologically factorizes.
However, we could instead attempt bootstrapping a putative ensemble of local CFTs at the same
central charge (with the optimistic disposition that there are a landscape of such models at large
central charge). We would like to constrain more complicated averages like
〈Z(τ1, τ¯1)Z(τ2, τ¯2)〉ensemble . (4.2)
This quantity may not be reconstructed from 〈Z(τ, τ¯)〉ensemble on account of ensemble correlations.
The lack of factorization has no counterpart in the standard CFT bootstrap. In this paper, we
have successfully bootstrapped (contributions to) the connected part of (4.2) in two cases where
we had strong constraints. More generally, one could develop bootstrap techniques for (4.2), and
specifically its connected part, instead imposing more traditional requirements like a large twist
gap, large central charge, etc.
What are the “observables” that may be bootstrapped? These would be partition functions and
any operators whose quantum numbers are constant across the distribution, including at least the
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stress tensor. The ensemble average of a primary operator is, in general, not a primary of the
average.4 This is perhaps a feature rather than a bug when it comes to making contact with pure
models of quantum gravity like 3d gravity or minimal AdS3 supergravity.
A bootstrap for the average torus partition function 〈Z(τ, τ¯)〉ensemble would essentially be the
modular bootstrap for a non-compact CFT. One would decompose the average partition function
into a sum of Virasoro characters convolved with the average density of states 〈ρ(h, h¯)〉ensemble .
One would then impose modular invariance of the average partition function and a non-negative
average density of states. For an ensemble of local CFTs without an extended chiral algebra,
〈ρ(h, h¯)〉ensemble will contain a delta-localized piece corresponding to the vacuum representation,
perhaps other delta-localized pieces (like the light operators of the two-dimensional supersymmetric
SYK model [20]) as well as a continuous spectrum.
More generally one would like to bootstrap n-point averages of the form
〈ZΣg1(Ω1,Ω1) · · ·ZΣgn(Ωn,Ωn)〉ensemble (4.3)
where ZΣg(Ω,Ω) is the partition function on a genus g surface with period matrix Ω. Since we are
considering ensembles, an interesting feature is that k-point averages constrain n-point averages
for k < n.
A simple analogy is instructive. We can view (4.3) as an nth moment of a CFT ensemble. Given
a probability density function p(x), there are positivity constraints on its moments; the simplest
nontrivial one is
〈x2〉 − 〈x〉2 ≥ 0 . (4.4)
This constrains the second moment 〈x2〉 in terms of the first moment 〈x〉. Many other such relations
can be derived. For CFT ensembles the simplest bound is that 〈ρ(h1, h¯1)ρ(h2, h¯2)〉ensemble, conn. is
positive semi-definite as a kernel.
Beyond bounds one would like to have Ward identities which relate the different n-point averages
to each other. While it is not clear if such Ward identities exist for ensembles of 2d CFTs, they
do exist in random matrix theory. Recently, a bootstrap approach was studied in the context of
random matrix ensembles [21]; there the Ward identities are packaged as loop equations. (For a
different approach to bootstrapping CFT ensembles, we refer the reader to [22] which analyzes the
random bond Ising model.)
An interesting possibility is suggested by the logic of statistical mechanics (or more properly,
Bayesian inference). Suppose we have a probability distribution p(x) for which its first two mo-
ments are 〈x〉 = a and 〈x2〉 = b. Then the maximum entropy probability distribution consistent
with these moments is a Gaussian. As a consequence, all higher moments of the Gaussian are deter-
mined by the first two moments. More generally, perhaps “maximum entropy” ansatzae are useful
for bootstrapping CFT ensemble. There is precedence for this in random matrix theories [3,23,25].
Remarkably, using topological recursion [24] (see [25] for a review), double-scaled random ma-
4As a simple example consider averaging over two instances of a compact boson at different values of the radius.
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trix theories are completely determined by their leading order contributions to the resolvent, and
connected double resolvent.
As a final remark, it is possible that bootstrapping CFT ensembles may be easier than boot-
strapping individual CFT’s. Our investigations suggest that this may be the case for pure AdS3
gravity. Furthermore, intuition about ensembles of chaotic CFTs can bring additional constraints
to bear, such as having Virasoro random matrix nearest-neighbor energy level statistics [1].
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